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1. Introduction 

The possibility to consider vertical, complete and horizontal lifts on the tangent 
bundle TM of a smooth n-dimensional Riemannian manifold (M, g) , leads to some 
\q . interesting geometric structures, studied in the last years (see [I], [2J, [3], [S], [TO]), 

and to interesting relations with some problems in Lagrangian and Hamiltonian 
mechanics. One uses several Riemannian and pseudo-Riemannian metrics, induced 
by the Riemannian metric g on M. Among them, we may quote the Sasaki metric, 
the Cheeger-Gromoll metric and the complete lift of the metric g. On the other hand, 
the natural lifts of g to TM, introduced in the papers [6J and |7J, induce some new 
Riemannian and pseudo-Riemannian geometric structures with many nice geometric 
^ ■ properties ([5], [6]). 

Professor Oproiu has studied some properties of a natural lift G, of diagonal type, 
of the Riemannian metric g and a natural almost complex structure J of diagonal 
type on TM (see [12], [13], [H], and see also [16], p2]). In the paper [11], the same 
author has presented a general expression of the natural almost complex structures 
on TM. In the definition of the natural almost complex structure J of general 
type there are involved eight parameters (smooth functions of the density energy 
on TM). However, from the condition for J to define an almost complex structure, 
four of the above parameters can be expressed as (rational) functions of the other 
four parameters. A Riemannian metric G which is a natural lift of general type of 
the metric g depends on other six parameters. 

In [3], the present author got the conditions and the unique form of the matrix 
associated to the general natural lifted metric G, such that the the tangent bundle 
TM, with respect to the metric G has constant sectional curvature. In [15] we have 
found the conditions under which the Kahlerian manifold (TM, G, J) has constant 
holomorphic sectional curvature. 
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In the present paper we study the conformal curvature of the tangent bundle of 
a Riemannian manifold (M, g) . Namely, we are interested in finding the conditions 
under which the Riemannian manifold (TM, G) , where G is the general natural lifted 
metric of g, is confer mally flat. 

2. Preliminary results 

Consider a smooth n-dimensional Riemannian manifold (M, g) and denote its 
tangent bundle by r : TM — * M. Recall that TM has a structure of a 2n- 
dimensional smooth manifold, induced from the smooth manifold structure of M. 
This structure is obtained by using local charts on TM induced from usual local 
charts on M. If (U, ip) = (U, x 1 , . . . , x n ) is a local chart on M, then the corresponding 
induced local chart on TM is (t -1 ({7), <3?) = (t _1 ([/), x , . . . , x n , y , . . . , y n ), where 
the local coordinates x l ,y J , i,j = 1, ... , re, are defined as follows. The first n local 
coordinates of a tangent vector y 6 t~ 1 {U) are the local coordinates in the local 
chart (U, <p) of its base point, i.e. x 1 = x 1 o r, by an abuse of notation. The last n 
local coordinates y J , j = 1, . . . , n, of y G r _1 (C7) are the vector space coordinates of 
y with respect to the natural basis in T T i y \M defined by the local chart (U, (p). Due 
to this special structure of differentiable manifold for TM, it is possible to introduce 
the concept of M-tensor field on it (see [8] ) . The M-tensor fields are defined by their 
components with respect to the induced local charts on TM (hence they are defined 
locally), but they can be interpreted as some (partial) usual tensor fields on TM. 
However, the essential quality of an M-tensor field on TM is that the local coordinate 
change rule of its components with respect to the change of induced local charts is 
the same as the local coordinate change rule of the components of an usual tensor 
field on M with respect to the change of local charts on M. More precisely, an M- 
tensor field of type (p, q) on TM is defined by sets of n p+q components (functions 
depending on x l and y l ), with p upper indices and q lower indices, assigned to 
induced local charts (r _1 (C7), <&) on TM, such that the local coordinate change rule 
of these components (with respect to induced local charts on TM) is that of the 
local coordinate components of a tensor field of type (p, q) on the base manifold 
M (with respect to usual local charts on M), when a change of local charts on M 
(and hence on TM) is performed (see [8] for further details); e.g., the components 
y l , i = 1, . . . , n, corresponding to the last n local coordinates of a tangent vector y, 
assigned to the induced local chart (r _1 (C7), 3>) define an M-tensor field of type (1, 0) 
on TM. A usual tensor field of type (p, q) on M may be thought of as an M-tensor 
field of type (p, q) on TM. If the considered tensor field on M is covariant only, the 
corresponding M-tensor field on TM may be identified with the induced (pullback 
by r) tensor field on TM. Some useful M-tensor fields on TM may be obtained as 
follows. Let u : [0, oo) — > R be a smooth function and let ||y|| 2 = g T ( y )(y,y) be 
the square of the norm of the tangent vector y € t~ 1 (U). If 5j are the Kronecker 
symbols (in fact, they are the local coordinate components of the identity tensor 
field / on M), then the components ii(||y|| 2 )e)*- define an M-tensor field of type (1, 1) 
on TM. Similarly, if gij(x) are the local coordinate components of the metric tensor 
field g on M in the local chart (U,ip), then the components u(||y|| 2 )(7ij define a 
symmetric M-tensor field of type (0, 2) on TM. The components goi = y k gki define 
an M-tensor field of type (0, 1) on TM. 

Denote by V the Levi Civita connection of the Riemannian metric g on M. Then 
we have the direct sum decomposition 



(1) 



TTM = VTM HTM 
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of the tangent bundle to TM into the vertical distribution VTM = Ker r* and the 
horizontal distribution HTM defined by V. The set of vector fields (^p-, • • • , ^jt) 

on t~ 1 (U) defines a local frame field for VTM and for HTM we have the local 
frame field (-£r, -J^), where 

^ _ _^ r h d r h = k r h 

8x i dxi Qi dy h ' 0i y ki ' 

and T^(x) are the Christoffel symbols of g. 

The set (-^jt, • • • , -^k, j|r, • • • , j^rz) defines a local frame on TM, adapted to the 
direct sum decomposition (1). Remark that 

9 -( d \v 5 -( 9 ) H 
dy l dx l ' 5x l dx % 

where X v and X H denote the vertical and horizontal lift of the vector field X on M 
respectively. We can use the vertical and horizontal lifts in order to obtain invariant 
expressions for some results in this paper. However, we should prefer to work in 
local coordinates since the formulas are obtained easier and, in a certain sense, they 
are more natural. 

We can easily obtain the following 

Lemma 2.1. If n > 1 and u,v are smooth functions on TM such that 

ugij + vgoigoj = 0, 
on the domain of any induced local chart on TM , then u = 0, v = 0. 

Remark. In a similar way we obtain from the condition 

u8) + vg 0j y i = 

the relations u = v = 0. 

Consider the energy density of the tangent vector y with respect to the Riemann- 
ian metric g 

(2) t = -\\yf = -g T{y) (y,y) = -g ik {x)y i y k , y eT~\U). 
Obviously, we have t € [0, oo) for all y <G TM. 

3. The conformal curvature of the tangent bundle with general 

natural lifted metric 

Let G be the general natural lifted metric on TM, defined by 

G (l?> = + dig 0i g j = Gf) 

(3) W) = + d290i90j = G\f 

G (w> ^ = = Cs9ij + d 39oi9oj = Gif, 

where c\,ci, cs,d±, ofo, c?3 are six smooth functions of the density energy on TM. 

The Levi-Civita connection V of the Riemannian manifold (TM, G) is obtained 
from the formula 

2G{V X Y, Z) = X(G(X, Z)) + Y(G(X, Z)) - Z(G(X, Y)) 

+G([X, Y],Z)- G([X, Z],Y)- G([Y, Z\,X); VX, Y, Z G X (M) 
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and is characterized by the conditions 

VG = 0, T = 0, 

where T is the torsion tensor of V. 

In the case of the tangent bundle TM we can obtain the explicit expression of V. 
The symmetric 2n x 2n matrix 

I og> of \ 

V 4 4 ) 

associated to the metric G in the base (^fr, • • • , ^Jn , g^r, • • • , -^n) has the inverse 

/ rrij rrij \ 
I ^(1) ^(3) I 

V H ll) H m ) 

where the entries are the blocks 

H^= Pl g kl + q iy k y l 

(4) H^=p 2 g kl + q 2 y k y l 

H^=p 3 g kl + q 3 y k y l . 

Here g kl are the components of the inverse of the matrix {gij) and Pi, qi,P2, Q2,P3, 
q 3 : [0, oo) — > R, some real smooth functions. Their expressions are obtained by 
solving the system: 

'/"<(1) rrhk i /~i(3) Tjfi,A; rfc 

^i/i ""(1) + ^ih U (3) - °i 

i/i H (l) + G i/i ^(3) - U 

/^<(3) rr/ifc , /^((2) rrhk rA; 

.^i/l ^(3) + U ih H {2) ~ °i ' 

in which we substitute the relations ([3]) and ((4]). By using Lemma 12.11 we get 
Pi-,P2i P3 as functions of c% , c 2 , c 3 

fx\ C2 C l C 3 

(5) Pl = 2' ^2 = 2' -P3 = 

C\C2 — C3 CiC 2 - C3 

and q±,q2,q3 as functions of ci,c 2 ,c 3 , di,d 2 ,d 3 , Pi,p 2 ,p 3 

c 2 dipi - c 3 d 3 p 1 - c 3 d 2 P3 + c 2 rf 3 p3 + 2d 1 d 2 p 1 t - 2d\p x t 
c\c 2 - cl + 2c 2 dit + 2c\d 2 t - 4c 3 <i3t + Ad^t 2 - Ad\t 2 ' 



(a s d 2 p2 + d 3 p 3 

(6) Q2 = ~ c 2 + 2 d2 t + 

(c 3 + 2rf 3 t)[(rf 3 pi + d 2 p 3 )(ci + 2d 1 t) - (d lPl + d 3 p 3 ){c 3 + 2d 3 t)] 
(c 2 + 2d 2 t) [(ci + 2dit) (c 2 + 2d 2 t) - (c 3 + 2d 3 t) 2 ] 

(d 3 pi + d 2 p 3 )( Cl + 2dit) - (djpl + to)(c 3 + 2d 3 t) 



33 



(ci + 2d 1 t)(c 2 + 2d 2 t) - (c 3 + 2d 3 tf 



In the paper [15] we obtained the expression of the Levi Civita connection of the 
Riemannian metric G on TM. 
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Theorem 3.1. The Levi-Civita connection V of G has the following expression in 
the local adapted frame (^-, • • • , g^r, jfr, • • • , 



dy 1 



hrr. L 



{■ph I ph \ d _i_ ph 8 

" ij ji'dy h r ji5x h 



\7 8 ph _8 I ph d_ w 5 /'-p/i _j_ ch\_8 . q 

V -A- A.xJ — Mj T- fl „ h , V _s_ ArJ — (1 y -f O i9/ ) foh -f O, 



fly 



y % 



y ; fe' 1 



7^ -JL 

J y dy h 



where Y^- are the Christoffel symbols of the connection V and the M -tensor fields 



appearing as coefficients in the above expressions are given as 



Qij = *(*G® + di&g - d k GSf)H%, + KdtGf) + djGf k } )H { 



,(2) 



(2), 



,(3) 



ph 

y 

ph 

y 



ah 

y 

Oil 



UdiG$ + djG$ - d k G$)H$ + + djG\jJ)H [ 

\{didfi - d k Gf)H^ + l(diGf^ + R l 0jk G^)H^ 



rkh 
f (3) 
jkh 
(1) 



(3) 



where R k - are the components of the curvature tensor field of the Levi Civita 
nection V of the base manifold (M, 5) . 



con- 



Taking into account the expressions (|3|) , Q and by using the formulas (JS} , © we 
can obtain the detailed expressions of P^Q^, S^Pj^, Q^,S^. 

The curvature tensor field K of the connection V is defined by the well known 
formula 



K(X, Y)Z = V x VyZ - V Y V X Z - V [x ,y]Z, X,Y,Z e T(TM). 

By using the local adapted frame hj = 1, ■ ■ ■ ,n we obtained in [13] . 

after a standard straightforward computation 
8 

\ V V V V " 1 V V Y \, 

kij-Qyh 



^ 8x l ' fc 3 ' 5x k 



§ Q 

XXXX ki j—^ + XXXY k , 



,8 5 > d 
K (^,^)^TT =XXYX, 
ox 1 ox 3 oy K 

^ dy % ' dyi ' o~x fc 

^ dy l ' dyi ^ dy k 

^ dy l ' 5xi ^ Sx k 
K(±*)°=YXYXl- 



h » 
fcyj^ 

kij Sx h 



kij 6x h 



ktj 



+ YYXYi 



h 

kij 



+ YYYY k % 



kij Sx h 



+ Y XXYl.,:a 



d 

d 
dy h 

d 
dy 1 * 

d 



+ YXYY, 



kij Q y h 

„ 9 



> 5y J ' 8x3 ' dy k * " ' 5x h fcij cV ' 

where the M-tensor fields appearing as coefficients denote the horizontal and vertical 
components of the curvature tensor of the tangent bundle, and they are given by 



XXXX kij 
XXXY, 



h 

k 1 j 



5h qI 1 ph qI 
il D jk ■ ^li D jk 

qI oh 1 ph qI 

J jk>~>ti Mi D jfe 



°jl°ik 



ol oh 
D ik°jl 



ph ol 1 p/i 1 nl ph 
r lj D ik "T -ftfcy T n 0ijHk 

ph ol 1 p/i oi 

r lk n 0ij~ 



^i R 0jk G rl H hl + °3^iRj0kh 
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V W pi ph _i_ pi ah r>l r>h pi oh , pi 7~\h 

A AY A. kij — f k jf u -+- r k jO il - -Tfcj-r^ - r^ki^jl T U Oij^lk 

v vwh pi ph I pi pi p^ p' o' 1 _j_ pi r^h I pfe 

A A r r fcrj — r kj r li + r kj s il ~ r ki r lj ~ r ki a jl + n Oij^lk + -"fcij 

V"\^ V vh P> p' 1 » P^ 1 _i_ p' /'l' 1 _i_ p' p' 1 p' /O^ 1 p' 

r 1 y^^kij — °i r jk ~ °j r ik + r jk^il + r jk r il ~ ^ikHjl ~ r ik r jl 

VV yv'i .f) ph Pi ph _j_ pi I pi p/i pi r)h pi ph 

1 r 1 kij — °i r jk ~ °j r ik r jk^iil ' r jk r il ~ r ikHjl ~ r ik r jl 

YYYX ki j = diQj k - djQt k + Q l j k Qa + Q l j k Pu ~ QikQji ~ QikQji 
YYYY ki j = diQj k - djQt k + Q l j k Qa + HjkPii ~ QikQji ~ Qik-Rji 

V Y Y Y^ Pi Qh _i_ C^ 1 _i_ p' 1 p' p' 1 p' V7 P r /^( 2 ) 

^^^kij — a i D jA: D jk^il T- <-'j£i- r ii — -TifcMj ~~ Mfc'-'ji ~~ v j- ft 0ifc Ur W ""/li 

V V Vv' 1 £> _L /O^ _L C' p' 1 p' p' 1 p' C^ 1 V7 P r /^( 2 ) trW 

r AAr^ — Oidj k -+■ DjkHil -r a jk r il ~ r ik r lj — r ik s jl — v j- f %fc Lr ri n hl 

v yy y' 1 — Pi P h _i_ p' rt h _i_ p' p' 1 P h rJ- Q h 

1 A 1 ^kij — °t r kj r kj^il r kj r i\ ~ ^ik r lj ~ ^ik D jl 

V YVV' 1 ^ p' 1 _l_ p' /O' 1 _l_ p' p' 1 p' 1 /O' Q' 1 

1 ^ r — ^i-^fej r kj^il ^ifcjMi — VifcMj ~ ^ik^jl- 

We mention that we used the character X on a certain position to indicate that the 

argument on that position was a horizontal vector field and, similarly, we used the 

character Y for vertical vector fields. 

We compute the partial derivatives with respect to the tangential coordinates y % 
of the entries of the matrices G and H 

diG^ k = c a g igjk + d' a goig jg k + d a gijg ok + d a g 0i gjk 

d * H (a) = Pa9 jk goi + q' a 9o i y j y k + q a %y k + g a y j S^ 

d i d j G< kf = c a9oi9ojgki + c a 9ij9ki + d'^gojgokgoi + d' a gijg ok g i+ 

+d' a g jgikgoi + d' a g jg ok gu + d' a goigjkgoi + d' a goig kgji + d a gjkgu + d a gikgji, 

a = 1,2,3. 

Next we get the first order partial derivatives with respect to the tangential co- 
ordinates y l of the M-tensor fields fg, Q h ip S%,P^Q%, S?g 

+ l - dl HU{d 3 G { S + d k Gf) + iff" (aa,-Gg> + ^Gg J ) 
ftO? fc = ^^(3) (^4? + " 9 i°fk ) + ^(3) mG ( S + did k Gf - dAGf k ] )+ 

+±a i H$ ) {d j c$ + d k cf) + iHfoiaidjC® + d t d k cf) 

*!% = IdiH^G^ - d l Gf) + ^«(ftfl,-G® - dAGf) + 
+ 2®iH(3)(.djG kl + R ok iG rj ) + -^H^(didjG kl + R ik [G rj + R ok[ diG rj ) 

+^^ft(a,G2 ) + UfoGg)) + i^^-GW + Rl kl G% + ^^Gg)) 
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+(d r G^ + R l j k G^)diH(2)} + c' 3 goiRjOkrHfy + c 3 (Rjik r H^ + Rj 0kr diH^) 
diSjk = --^{{didrG^ + R\j k G\y + R l 0jk diG\ r ) )H^ + 

+(d r G^ + R l Qj k Gf r })d i H r ^} + c' 3 g iRj 0kr H^ + c 3 (Rj ikr H^ + R j0kr diH^). 

It was not convenient to think c±, C2, C3, di, d,2, d 3 and pi,P2;P3> Q2, Q3 as functions 
of t since RICCI did not make some useful factorizations after the command Tensor- 
Simplify. We decided to consider these functions as well as their derivatives of first, 
second and third order, as constants, the tangent vector y as a first order tensor, 
the components G^,G^,G^\ H 1 ^, H 1 ^, H' 1 ^ as second order tensors and so on, 
on the Riemannian manifold M, the associated indices being h,i,j,k,l,r,s. 

We consider an n-dimensional Riemannian manifold M with the fundamental 
metric g. The change of the metric 

* 2 

g = p g, 

where p is a certain positive function, does not change the angle between two vectors 
at a potint and so is called a conformal transformation of the metric. 

The Weyl conformal curvature tensor is a tensor field invariant under any con- 
formal transformation of the metric and it is given by the expression 

C(X, Y)Z = K(X, Y)Z + L(Y, Z)X - L(X, Z)Y + g(Y, Z)NX - g(X, Z)NY, 

with g(NX, Y) = L(X,Y), for any vector fields X,Y,Z, where L is a (2,0)-tensor 
field, called by some matematicians the tensor of Brinkmann, given by 

L(A ' r > - -^2 RiX ^ + 2(„- 1 )(n-2) ^ y >- 
In local coordinates we have the expressions 

C kij = K kji + $k L ji ~ $j L ki + L k gji - L h 5 g ki 

L * = ~^2 Rij + 2(n-l)(n-2) r9ji 
L k = L kt g th . 
The tensor C vanishes identically for n = 3. 

If a Riemannian metric g is conformally related to a Riemannian metric g* which 
is locally Euclidian, then the Riemannian manifold with the metric g is said to be 
conformally flat. 

For the tangent bundle TM of an n-dimensional Riemannian manifold, with the 
general natural lifted metric G, the expression of the tensor of conformal curvature 
becomes 

C(X, Y)Z = K(X, Y)Z + L(Y, Z)X - L(X, Z)Y + G(Y, Z)NX - G(X, Z)NY, 
where 

L{XX) = -^hT) mX - Y) + 4(n-l)(2,.-l) Sm ' G(X - Y) 
seal = G ji Rji; G(NX, Y) = L(X, Y). 
By using the local addapted frame, we obtain 

C ^ ^J^ = CXXXX ^J^ + CXXXY ^^yh 
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^j)^ = CXXYX ^Jx~h + CXYY k%-^h 

W" > dy^ = CYYYX ^6x^ + CYYYY ^Qyh 
5x1^ = CYXXX ^6x^ + CYXXY ^dy^ 

c W' ^ W = cyxyx ^-^ + CYXYY ^^ 

where the horizontal and vertical components of the conformal curvature, are given 
by the expressions 

CXXXXL = XXXXL + LXX ik 6? - LXX ik 5*l + G$NXX? - G^NXY* 1 



cxxxyL = xxxyL + gQnxy/ 1 - G^NXYj 1 



L kij — ^^^^kij f ^^^jk^i - uyysvikUj T^iVAAj J»Aij 

CXXYXtj = XXYX^ + LXY^f - LXY lk b) + G^NXX? - G^NXX* 

CXXYY k % = XXYY k % + Gf^NXY? - G^NXYj* 

CYXXX&j = YXXXfcj - LYXikb) + G^NYX? - G$NXX} 

CYXXY k % = YXXY k % + LXX jk Sf + G^NYY? - G^NXYj 1 

CYXYX^ = YXYX^j - LYY ik b) + Gf k ] NYXf - G^NXX** 

CYXYY k % = YXYY k % + LXY jk b? + G^NYY? - G^NXX* 

CYYXX^ = YYXX^ + G^NYX? - G^NYX** 

CYYXY k % = YYXY k % + LYX jk 6? - LYX ik b) + G^NYY/ 1 - NYYj 1 

CYYYX ki j = YYYX ki j + G^NYXf - G^NYX* 

CYYYY ki j = YYYY k % + LYY jk Sf - LYY ik b) + G^NYY? - G^NYY* 1 , 
the horizontal and vertical components of the tensors L and TV being 

LXXij < b;~yy 1 o^; n^h 



LXYa — — 



2(n- 


1) 


1 




2(n- 


1) 


1 




2(n- 


1) 


1 




2(n- 


1) 



2(2n- 


-1) 


1 




2(2n- 


1)' 


1 




2(2n - 


-1) 


1 




2(2n- 


1)' 



-seal Gg>) 



NXXj — LXXj k H^ + LXYj k H^ 
NXYj 1 = LXXj k H(pj + LXYj k Hjpj 
NYXj = LYX jk H$ + LYY jk H$ 
NYYj 1 = LYX jk H$ + LYY jk H$. 

In order to get the conditions under which (TM, G) is a conformally flat Rie- 
mannian manifold, we study the vanishing of the components of the Weyl conformal 
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curvature tensor. In this study it is useful the following generic result similar to the 
lemma 12.11 

Lemma 3.2. If a\, . . . , a±Q are smooth functions on TM such that 

<*\$i9jk + a 2 Sjg ik + a 3 5 k gij + a^g 0i g Qj + a 5 8j goigok + a6^5ojfl , ofc+ 

+a 7 gj k goiy h + a 8 g ik gojy h + a 9 gijg Qk y h + a w g 0i g 0j g ok y h = 0, 
then «! = ••• = aio = 0. 

After the analysis of the values in y = of several components of the Weyl tensor 
of conformal curvature, computed by using the RICCI package from Mathematica, 
we can formulate the next theorem. 

Theorem 3.3. Let (M,g) be a Riemannian manifold. If the tangent bundle TM 
with the general natural lifted metric G is conformally flat, then the base manifold 
is of constant sectional curvature. 

Proof: From the vanishing condition for the component CXXXX^- computed 
in y = 0, we find the expression of the Ricci tensor of the base manifold and if we 
replace this expression in the component CXXXY ki - computed in y = 0, we obtain 
that the Riemannian curvature of the base manifold is given by 

Rim kij = c(g jk 8i - g lk Sj), 
so, the base manifold is of constant sectional curvature. 

4. Conformally flat tangent bundles 

A detailed analysis of the annulation of all the components of the conformal 
curvature computed with RICCI, leads to the study of several cases, which give rise 
to the next theorems. 

Theorem 4.1. Let (M, g) be a Riemannian manifold and let G be the general natural 
lifted metric to the tangent bundle, given by the relations ©. Assume that c 2 +2td 2 ^ 
0, c 3 + 2td 3 / 0, and c\c 2 - c§ + 2cc\t + 2c\d 2 t - Ac 3 d 3 t + 4cc 2 d 2 t 2 - Adjt 2 / 0. 
Then the Riemannian manifold (TM, G) is conformally flat if and only if the base 
maniflold is flat and the associated matrix of the natural lifted metric G has one of 
the forms: 

( P9ij +790i90j \ 
\P9ij + 190i90j ag {j + (a + ^ 1 fr^) 9oi90j J 

( k gij f3gij + g i9oj \ 

\ o i a' i ka (2a+a t)-2a f3(f3+2/3' t)+4af3' 2 t ' 

\P9ij + P 90i90j a9ij H 2(ka-p) 9oi9oj J 

where k is a nonzero arbitrary real constant, a, (3, 7 are some arbitrary real smooth 
functions depending on the energy density, af j and (3 is nonnull. 

Proof: In the proposition l3.3l we prooved that the base manifold of the conformally 
flat tangent bundle must have constant sectional curvature, c. By using the RICCI 
package of the program Mathematica, we replace the corresponding expressions of 
the components of K in all the components of the Weyl conformal curvature tensor 
of TM. After a quite long computation we find some components in which the third 
terms are of one of the forms : 

cic 3 (cc 2 - dj) xh „ . h 

— ^OkViVj m CYXXX kij 

4(cic 2 - 4)) 
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C3(CC2 "" l} -^fc in CXXXY k h 



2(c lC2 


-4)Y 


C2(CC 2 


-d x ) 


2(cic 2 




C3(CC 2 


-dl) 



in CYXXY *i 
9ij 6 h k in CYXYX^ 

(2(?^))^ in CYXYYjjij . 

Since the metric G must be non-degenerate, ci, c 2 and C3 cannot vanish at the 
same time, so we must have d\ = cc 2 . Replacing this expression of d\ in all the 
components of the Weyl conformal curvature tensor we get some simpler expressions. 

The annulation of the first two coefficients which appear in the new expression of 
CXXXY^j implies the annulation of the product 

4c(cic 2 - C3) 2 t(c 1 c 3 + 2cc 2 c 3 + 4cc 3 d 2 t + 2^^), 

which leads to two cases: c = or c\ = 2cC3 ^ 2 + 2 ^ 2 *) . 

The above theorem refers to the first case, namely at the case when the base 
manifold is flat. The second case will be discussed in the theorem 14.41 

In the first case, from the vanishing condition for the third term of the component 
CXXXX&p we obtain that 

c'i = — {c' 3 -d 3 ) 
C3 

and the only coefficient that remains in CXXXY^- and which must vanish is 

-4(c 3 -d 3 )(c 3 + 2td 3 ) = 0. 

The annulation of c\ leads, after quite long computations, to the first form of the 
matrix and the condition d 3 = c 3 leads to the second form presented in the theorem. 

The subcase C3 + 2td 3 = will be treated separately (it has been excluded above), 
because it is a singular case, and the form obtained for the associated matrix in this 
case will be presented in the theorem 14.21 

Remark(see [3]): If the tangent bundle (TM,G) of a Riemannian manifold 
(M, g) is of constant sectional curvature, that means the associated matrix of G has 
the form 

/ kgij Pgij + 0'goigoj \ 

a 1 al 1 a'/3 2 +2a'l3l3't~2af3' 2 t , 

\P9ij + P 9oi9oj agij + — $ —90i90jJ 

where a, (3 are some arbitrary real smooth functions depending on the energy density, 
f3 nonzero, and k is an arbitrary real constant, then the tangent bundle is conformally 
flat if the constant k becomes zero. 

Theorem 4.2. Let (M,g) be an n- dimensional Riemannian manifold and let G be 
the general natural lifted metric to TM , having the associated matrix of the form 
obtained in the singular case C3 + 2t^3 = 0, namely 

cigij + dig 0i g j -2td 3 gij + £% ;5o/ 
K -2td 3 gij + d 3 g 0i goj c 2 gij + d 2 goigoj 

where ci,d\,c 2 ,d 2 , d 3 are smooth real functions depending on the density of energy. 
Assume that c\c\ + 2c\c 2 c' 2 t + cfcfc^ 2 + c\c' 2 2 t 2 - 32cfd^t 6 / 0. Then the bundle of 
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nonzero tangent vectors to M , TMq, is conformally flat with respect to the natural 
lifted metric G, if and only if the base manifold is flat and the matrix becomes 

kgij ^(-2tgij + goigoj) 

ka (2a+a t)+4a^r 

jj.{-2tgij + g 0i g 0j ) agy + 2{kOL _^ 9oi9oj / 

where k and e are two arbitrary real constants, k ^ and a is a smooth real function 
depending on the density of energy, a ^ -%r- . 

Corollary 4.3. Let (M, g) be an n-dimensional Riemannian manifold. The bundle 
of nonzero tangent vectors to M, TMq, is conformally flat with respect to the natural 
lifted metric G of diagonal type, if and only if the base manifold is flat, and the 
associated matrix of G has the form 

kgij 
where k and e are two arbitrary real constants, k ^ and a is a smooth real function 

ie 2e 
kt 



depending on the density of energy, a / 4 



The next theorem presents the form of the matrix associated to the general natural 
lifted metric G, obtained in the second case mentioned in the proof of the theorem 
14.11 namely c 1 = 2cc ^^ 2 | j ^ 2t ' > . By using RICCI, we obtain that all its subcases reduce 
to some cases that we have already treated, except the singular subcase C2+2td2 = 0. 
So, the next theorem can be formulated as follows: 

Theorem 4.4. Let (M, g) be a Riemannian manifold, and let G be the natural lifted 
metric to TM , having the associated matrix of the form obtained in the singular case 
C2 + 2td2 = 0, namely 

( cigij + dxgoigoj c 3 gij + d 3 g Qi g 0j 
\c3gij + d 3 g 0i g 0j -2td 2 gij + <%oi5oj, 

where 01,^1,02,^2,03, c?3 are some arbitrary smooth real functions of the energy den- 
sity. The tangent bundle TM is conformally flat with respect to the natural metric 
G if and only if the base manifold is flat and the matrix associated to G becomes of 
the antidiagonal form 

c 3 gij + ekgoi.S'o/ 

K c 3 gij + d 3 g ig j 

REFERENCES 

[1] Abbassi, M.T.K., Sarih, M., On some hereditary propertoes of Riemannian g-natural met- 
rics on tangent bundles of Riemannian manifolds, Diff. Geom. And its Appl. 22 (2005), 19-47. 

[2] Abbassi, M.T.K., Sarih, M., On Riemannian g-natural metrics of the form a.g B + b.g h + c.g v 
on the tangent bundle of a Riemannian manifold (M,g). Mediterranean J. Math. 2 (2005), 19- 
43. 

[3] Bejan, C. L., Oproiu, V., Tangent bundles of quasi- constant holomorphic sectional curva- 
tures, Balkan J. Geom. Applic, 11 (2006), 11-22 ] 

[4] Druta, S. L., The sectional curvature of tangent bundles with general natural lifted metrics, 
to appear in Proceedings of the Ninth International Conference on Geometry, Integrability and 
Quantisation, 8-13 June, 2007, Varna, Bulgaria, Eds. I. M. Mladenov and M. Leon, Sofia. 

[5] Kolaf, I., Michor, P., Slovak, J., Natural Operations in Differential Geometry, Springer 
Verlag, Berlin, 1993, vi, 434 pp. 

[6] Kowalski, O., Sekizawa, M., Natural transformations of Riemannian metrics on manifolds 
to metrics on tangent bundles - a classification, Bull. Tokyo Gakugei Univ. (4), 40 (1988), 1-29. 



12 



S. L. DRUTA* 



[7] Krupka, D., Janyska, J., Lectures on Differential Invariants, Folia Fac. Sci. Nat. Univ. 

Purkinianae Brunensis, 1990. 
[8] Mok, K.P., Patterson, E.M., Wong, Y.C., Structure of symmetric tensors of type (0,2) 

and tensors of type (1,1) on the tangent bundle, Trans. Amer. Math. Soc, 234 (1977), 253-278. 
[9] Munteanu, M. Cheeger Gromoll type metrics on the tangent bundle, Proceedings of Fifth 

International Symposium BioMathsPhys, Iasi , June 16-17, 2006, 9pp. 
[10] Munteanu, M. Old and New Structures on the Tangent Bundle, Proceedings of the Eighth 

International Conference on Geometry, Integrability and Quantization, June 9-14, 2006, Varna, 

Bulgaria, Ed. I. M. Mladenov and M. de Leon, Sofia 2007 264-278. 
[11] Oproiu, V., A generalization of natural almost Hermitian structures on the tangent bundles. 

Math. J. Toyama Univ., 22 (1999), 1-14. 
[12] Oproiu, V., A locally symmetric Kaehler Einstein structure on the tangent bundle of a space 

form, Beitrage Algebra Geom/Contributions to Algebra and Geometry, 40 (1999), 363-372. 
[13] Oproiu, V., A Kaehler Einstein structure on the tangent bundle of a space form, Int. J. Math. 

Math. Sci. 25 (3) (2001), 183-195. 
[14] Oproiu, V., Some new geometric structures on the tangent bundles, Publ. Math. Debrecen, 

55/3-4 (1999), 261-281. 

[15] Oproiu, V., Druta, S., General natural Kahler structures of constant holomorphic sectional 

curvature on tangent bundles, An. St. Univ. "Al.I.Cuza" Iasi, Matematica, 
[16] Oproiu, V., Papaghiuc, N., A Kaehler structure on the nonzero tangent bundle of a space 

form, Diff. Geom. Appl. 11 (1999), 1-14. 
[17] Oproiu, V., Papaghiuc, N. Some classes of almost anti- Hermitian structures on the tangent 

bundle, Mediterranean Journal of Mathematics 1 (3) (2004), 269-282. 
[18] Tahara, M., Vanhecke, L., Watanabe, Y., New structures on tangent bundles, Note di 

Matematica (Lecce), 18 (1998), 131-141. 
[19] Yano, K., Ishihara, S., Tangent and Cotangent Bundles, M. Dekker Inc., New York, 1973. 

S.L. Drut^a 

Faculty of Mathematics 
"ALL Cuza" University of Ia§i 
Bd. Carol I, no. 11 
700506 Ia§i 
ROMANIA 

simonadruta@yahoo.com 



